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ABSTRACT

The form of the friction terms for a shallow layer of fluid on a sphere is discussed for isotropic and trans-
versely-isotropic fluids. We then examine the nature of convection in a transversely-isotropic fluid and
find that long flat convection cells with a width to height ratio of 2 (v /vv)* are produced, where vy, vy are
the horizontal and vertical diffusion coefficients. The critical Rayleigh number is given by Re=4x%vy /vy,
but another Rayleigh number P=8gATd5/(vyxyL?), with a constant critical value Pe=4#* is shown to
be a more relevant parameter. Results for convection in a rotating system are also given.

1. Introduction

The consistency of the so-called traditional approxi-
mation to the dynamical equations describing motion in
a shallow atmosphere has been discussed by Phillips
(1966) and Veronis (1968). Their discussion concerned
the form of the rotation and inertia terms when the
approximation 7 — @ is to be made. Phillips showed that
advantages can be realized by introducing the shallow
approximation as a geometric approximation via the
curvilinear scale parameters. The limitations of this
approach and the non-generality of the resulting equa-
tions, however, were pointed out by Veronis.

In this paper we would like to discuss a related
problem, namely that of choosing the most appropriate
form of the friction terms for a shallow atmosphere. Such
a formulation is needed for use in the numerical inte-
gration of equations describing laboratory and geo-
physical flows. In the derivation we will apply Phillips’
geometric approximation to the fensor (2nd and 4th
order) form of the stress and rate of strain relationships.
(For the rotation and inertia terms Phillips introduces
the approximation into the veclor, i.e., the 1st order
tensor forms). This approximation is chosen on the basis
that it leads to the most consistent set of simplified
equations without excluding any terms which maintain
known physical processes (unlike the case with the
rotation and inertia terms). However, the possibility of
there being phenomena needing other approximate
forms or the exact form should be remembered.

To establish the approximation procedure most
simply we first derive the approximate form to the
(isotropic) Navier-Stokes friction terms for a shallow
shell. The resulting expressions are relevant to labora-
tory-scale flows of the type discussed, for example, by
Greenspan (1968) or Baker and Robinson (1970).

For planetary-scale flow the form of the friction terms
is less well defined, being dependent upon assumptions

about the turbulence, and there is no unique exact form
to which the geometric approximation can be applied.
As a first approximation to this problem we derive the
friction terms for a transversely-isotropic fluid and
apply the geometric approximation. However, the as-
sumption of transverse-isotropy itself implies a priori
the shallowness of the system and it is thus an intrinsic
element in a shallow atmosphere approximation.

To examine some of the properties of a transversely-
isotropic fluid, an analytical solution describing the
convective instability of such a fluid is obtained. The
convection problem is a suitable one for analysis as the
complex transversely-isotropic equations can be solved
for this problem. Physically the solutions may give an
idea of how large-scale convection can organize itself
out of smaller scale mixing.

In summary, we consider three different but related
problems concerning friction term behavior in a shallow
atmosphere: 1) in Section 2 the geometric approxima-
tion is applied to the Navier-Stokes friction terms,
2) in Section 3 we consider the form of friction termsin a
transversely-isotropic (and therefore shallow) fluid and
the form when the geometric approximation is made,
and 3) in Section 4 convective instability in a trans-
versely-isotropic fluid is analyzed.

2. Geometric approximation of Navier-Stokes
friction

The exact Navier-Stokes friction terms in spherical
coordinates are
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is the equation of mass conservation. An incompressible
fluid and constant coefficient of viscosity » are assumed
for convenience. The expressions are given by Batchelor
(1967) and we will use the classical physical coordinate
system rather than the meteorological one. Thus, we
take coordinates (r,8,¢) to denote radius, co-latitude
and longitude, respectively, and (w,s,u4) to be the related
velocities. Egs. (1) are derived from stresses r,; and rate
of strain functions e;; which are taken to be related by
the expression 7;;=2ve;;. In spherical coordinates the
exact rate of strain expressions are
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and the friction-to-stress relationships are
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Egs. (4) and (3) yield those given in (1).
The question arises as to the form of (1)-(5) when the

shallow layer approximation of r=a-3, where 2<a, is
to be made. We will follow Phillips suggestion of ap-
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proximating the scale factors 4; from
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to . (6)
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For the friction terms to have a consistent stress-strain
behavior the approximations are introduced first into
the stress and rate-of-strain relationships and then the
friction terms are derived from them. To do this we need
the curvilinear form of the equations (e.g., Batchelor,
1968, p. 600; Love, 1944, p. 90) :
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Introducing the scale factor approximation into (7) and
(8) leads to the following approximate rate of strain and
friction-stress expressions:
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with the equation of mass conservation becoming
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